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Abstract. Let M be a compact oriented d-dimensional smooth 
manifold and X a topological space. Chas and Sullivan T] have 
defined a structure of Batalin-Vilkovisky algebra on H*(LM) := 
H* + d(LM). Getzler [5] has defined a structure of Batalin-Vilkovisky 
algebra on the homology of the pointed double loop space of X, 
H* (il 2 X) . Let G be a topological monoid with a homotopy inverse. 
Suppose that G acts on M . We define a structure of Batalin- 
Vilkovisky algebra on H*(tt 2 BG) £g>IHI*(M) extending the Batalin- 
Vilkovisky algebra of Getzler on H*(Vl 2 BG). We prove that the 
morphism of graded algebras 

H*(n 2 BG) ® H»(M) -> i,(iM) 

defined by Felix and Thomas [5], is in fact a morphism of Batalin- 
Vilkovisky algebras. In particular, if G = M is a connected com- 
pact Lie group, we compute the Batalin-Vilkovisky algebra H* (LG; Q) . 

55P35, 55P62 

1. Introduction 

We work over an arbitrary principal ideal domain k. 

Algebraic topology gives us two sources of Batalin-Vilkovisky alge- 
bras (Definition |6]): Chas Sullivan string topology [1] and iterated loop 
spaces. More precisely, let X be be a pointed topological space, ex- 
tending the work of Cohen [3], Getzler [8] has shown that the homology 
H^(Q 2 X) of the double pointed loopspace on X is a Batalin-Vilkovisky 
algebra. Let M be a closed oriented manifold of dimension d. Denote 
by LM := map(S' 1 ,M) the free loop space on M. By Chas and Sulli- 
van [I], the (degree-shifted) homology H*(LM) := H* +d (LM) of LM 
has also a Batalin-Vilkovisky algebra. In this paper, we related this 
two a priori very different Batalin-Vilkovisky algebras. 

Initially, our work started with the following Theorem of Felix and 
Thomas. 

Theorem 1. [5j Theorem 1] Let G be a topological monoid acting on a 
smooth compact oriented manifold M. Consider the map Qg,m '■ x 
M — > LM which sends the couple (w,m) to the free loop t \-t w(t).m. 
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The map induced in homology 

H*(e G)M ) : F*(QG) <g> H*(M) -> H*(LM) 
zs a morphism of commutative graded algebras. 

In [5], Felix and Thomas stated this theorem with G = aut\{M), 
the monoid of self equivalences homotopic to the identity. But their 
theorem extends to any topological monoid G since any action on M 
factorizes through Hom(M, M) and aut\(M) is the path component of 
the identity in Hom(M, M). Note also that the assumptions of [5] "k 
is a field " and "M is simply connected" are not necessary 

If G = M is a Lie group, 0g,g : x G — > LG is a homeomorphism. 
Therefore we recover the following well-known isomorphism (See for 
example [T3"l Proof of Theorem 10]). 

Corollary 2. Let G be a path- connected compact Lie group. The alge- 
bra H.*(LG) is isomorphic to the tensor product of algebras H*(QG) ® 
W*(G). 

The following is our main theorem. 

Theorem 3. (Theorem [T5\) Assume the hypothesis of Theorem^ Sup- 
pose moreover that G has a homotopy inverse and that H*(QG) is tor- 
sion free. Then the tensor product of algebras H*(QG) <8> H*(M) is a 
Batalin- Vilkovisky algebra and the morphism 

H*(e G , M ) : H*{QG) ® H*(M) H*(LM) 

defined by Felix and Thomas, is a morphism of Batalin- Vilkovisky al- 
gebras. 

Remark 4. We assume that the homology with coefficients in k, H*(QG), 
is torsion free (this hypothesis is of course satisfied if k is a field), since 
we want H*(QG) to have a diagonal. 

This Batalin- Vilkovisky algebra H*(£IG) <g)H*(M) contains H*(ttG) 
as sub Batalin- Vilkovisky algebra (Corollary [231) . Denote by BG the 
classifying space of G. We show that the sub Batalin- Vilkovisky algebra 
H*(p,G) is isomorphic to the Batalin- Vilkovisky algebra H*(Q 2 BG) 
introduced by Getzler (Proposition [TJJ. So finally ,we have obtained a 
morphism of Batalin- Vilkovisky (Theorem ¥2M 

H*(tt 2 BG) EU(LM) 

from the homology of the double pointed loop space on BG to the free 
loop space homology on M. 

Assuming that H*(Qauti(M)) is torsion free, Theorem [151 can also 
be applied to the monoid of self equivalences auti(M) as we shall now 
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explain. Since a smooth manifold has a CW-structure, M is a finite 
CW-complex. So by a theorem of Milnor [TJ], Hom(M, M) has the ho- 
motopy type of a CW-complex K. Therefore aut\M has the homotopy 
type of a path component of K. Recall that a path-connected homo- 
topy associative i/-space which has the homotopy of a CW-complex 
has naturally a homotopy inverse [2QI Chapter X. Theorem 2.2], i.e. is 
naturally a H -group [T7J p. 35]. Therefore aut\M has a i?-group 
structure. 

Remark 5. In [5], Felix and Thomas posed the following problem: Is 

H*(e autl(M ),M) : H^QauhiM)) ®H*(M) -> H*(LM) 

always surjective? The answer is no. Take M := S 2n , n > 1. Ra- 
tionally autiS 2n has the same homotopy type as S* 4 ™ -1 . Therefore 
H^QauhS 271 ; Q)®H*(S 2n ; Q) is concentrated in even degree. It is easy 
to see that H^^LS 2 " 1 ; Q) is not trivial in odd degree. So H^(Q autl /s 2n ),s 2n ) 
cannot be surjective. 

We give now the plan of the paper: 

Section 2: We give the definition and some examples of Batalin- 
Vilkovisky algebras. 

Section 3: We compare the S^-action on Q 2 BG to a ^-action de- 
fined on QG. Therefore the obvious isomorphism of algebras H*(QG) — >■ 
H*(Q 2 BG) is in fact an isomorphim of Batalin-Vilkovisky algebras. 

Section 4: The Batalin-Vilkovisky algebra H*(QG) <g)H*(M) is in- 
troduced and related to H*(LM) (Theorem [15]) . Then extending the 
Theorem of Hepworth for Lie groups, we show how to compute its 
operator B (Proposition IT5|) . This Batalin-Vilkovisky algebra struc- 
ture on H*(QG) (g> H*(M) is completely determined by its two sub 
Batalin-Vilkovisky algebras H*(QG) and H*(M) (Corollary [23] and 
Corollary |2T]) and by the bracket between them (Corollary [26]) . 

Section 5: Extending the computations of the Batalin-Vilkovisky 
algebras H*(LS' 1 ) and HILLS' 3 ), we compute the Batalin-Vilkovisky 
algebras H^QS 1 ) ® H*(M) and H*{QS 3 ) <g) H,(M). 

Section 6: Using a second result of Felix and Thomas in [5], we show 
that 7r>i(Qauti(M)) (g) Q is always a sub Lie algebra of HL.(LM; Q). 

Section 7: This section is devoted to calculations of the Batalin- 
Vilkovisky algebra H^IQG) (g) H*(M) over the rationals. In particular, 
for any path-connected compact Lie group G, we compute W«(LG : Q). 

Section 8: This section is an appendix on split fibrations. 

Acknowledgment: We would like to thank Yves Felix and Jean- 
Claude Thomas for helpful comments and for explaining us [5] . I would 
like also to thank Jim Stasheff, for sending me lists of corrections for 
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several papers (including this one). I would like especially to thank the 
referee for his serious job that led me to greatly inprove this paper. 

2. Batalin-Vilkovisky algebras 

Definition 6. A Batalin-Vilkovisky algebra is a commutative graded 
algebra A equipped with an action of the exterior algebra E{i\) = 

i\ <g> a i->- ii ■ a denoted B(a) 

such that 

B(abc) = B(ab)c+(-l) lal aB(bc) + (-l) (|a| - 1)|6| 6B(ac) 

- {Ba)bc - {-l)^a(Bb)c - (-l)\ a \ + \ b \ ab(B c) . 

The bracket { , } of degree +1 defined by 

{a, b} = (-l) |a| (B{ab) - (Ba)b- (-l)^a{Bb)) 

for any a, b G A satisfies the Poisson relation: For any a, b and c G A, 

(7) {a, be} = {a, b}c + (-l)^~ m b{a, c}. 

Koszul [121 P- 3] (See also [3J Proposition 1.2] or [16J) has shown that 
{ , } is a Lie bracket and therefore that a Batalin-Vilkovisky algebra 
is a Gerstenhaber algebra. 

Example 8. (Tensor product of Batalin-Vilkovisky algebras) Let A and 
A' be two Batalin-Vilkovisky algebras. Denote by B& and B^i their 
respective operators. Consider the tensor product of algebras A <g) A'. 
Consider the operator B^a' on A <g> A' given by 

Ba»A'(x ®y) = B a (x) ®y + (-l) N x <g> £ A ,(y) 

for x G A and y G A'. Then A £g> A' equipped with Ba®a' is a Batalin- 
Vilkovisky algebra. 

Let X and V be two pointed topological spaces. Let M and M' be 
two compact oriented smooth manifolds. It is easy to check that the 
Kunneth morphisms 

h,(si 2 x) ® H*(n 2 x') ->• H*(n 2 (x x x')) 

H*(LM) g> H*(LM') -> H*(L(M x M')) 
are morphisms of Batalin-Vilkovisky algebras. 
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3. The circle action on the pointed loops of a group 

In this section, we define an action up to homotopy of the circle S 1 on 
the pointed loops QG of a if -group G. When G is a monoid, we show 
(Propositions [TBI and |T3|) that the algebra H*(QG) equipped with the 
operator induced by this action is a Batalin-Vilkovisky algebra isomor- 
phic to the Batalin-Vilkovisky algebra H Jf (Q 2 BG) introduced by Get- 
zler [Sj. Therefore, in this paper, instead of working with H :t: (Q 2 BG), 
we always consider H*(QG). 

j ev 

Consider the free loop fibration QX ^ LX — » X. The evaluation 
map ev : LX -» X admits a trivial section s : X ^ LX. 

Suppose now that X is a if-group G. The following is easy to check 
if X is a group. For the H- group case, see appendix [SJ Consider the 
map r : LG — > QG unique up to homotopy such that the composite 

j or : LG LG 

is homotopic to the map that sends the loop / G LG to the loop t G 
I 1 — y Z(t)Z(0) -1 . The map 6 G>G : QG xG^ LG that maps (w, g) to the 
free loop t i— > w(t)g is a homotopy equivalence. Its homotopy inverse is 
the map LG — >■ QG x G, I \-> (r(/),/(0)). In particular, r : LG -» QG 
is a retract of j and the composite r o s is homotopically trivial. 

Theorem 9. (Compare with [T31 Proposition 28]) Let X be a topologi- 
cal space. The retract r : LVLX -» fi 2 X zs a morphism of S -spaces up 
to homotopy (i.e. in the homotopy category of spaces). 

Theorem [9] follows from Propositions ITUl) . IT21 and [TBI In [13j Propo- 
sition 28]), the same theorem is proved but the retract was defined in 
a different way. 

Proposition 10. 

i) Let G be a H -group. Then QG is equipped with an action of S 1 
up to homotopy. 

ii) Let G be a H -group acting up to homotopy on a topological space 
X . Then QG x X is equipped with an action of S 1 up to homotopy 
such that Og,x '■ QG x X — > LX is a morphism of S 1 -spaces up to 
homotopy. 

Proof, i) We define the action of S 1 on QG as the composition of 

S* x nc s 1 x lg ac ^T lg ^ nc. 

ii) We define the action of S 1 on QG x X by s.(w, x) := (s.w, w(s).x), 
s G S 1 , w G Q and x G X. Here s.w denote the action of s G S 1 on 
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w G QG given in i). It is easy to see that Qg,x is a morphism of 
S^-spaces up to homotopy. □ 

Proposition 11. Let G\ and G2 be two H-groups. Let f : (Gi,e) — >• 
(G2? e ) be an homomorphism of H -spaces (in the sense of [T7J p. 35]/ 
Then Qf : Q(Hi,e) — > Q(H 2 ,e) is a morphism of S 1 -spaces up to 
homotopy. 

Proof. A homomorphism of ii-spaces between if-groups is necessar- 
ily a homomorphism of if -groups. The S^-structure on QG is clearly 
functorial with respect to homomorphisms of if -groups. Therefore the 
5 1 -structure on QG depends functorially only on the multiplication of 
G. ' □ 

Proposition 12. The retract r : LG -» QG is a morphism of S 1 -spaces 
up to homotopy. 

Proof. Denote by p^c '■ &>G x G — > QG the projection on the first 
factor. By definition of r, the diagram 



LG QG x G 




QG 



commutes up to homotopy. By Proposition [T0]ii), Og,g is a morphism 
of S^-spaces up to homotopy. By definition of the action of the circle 
S 1 on QG x G, the projection p^ G is also a morphism of S^-spaces up 
to homotopy. □ 

Proposition 13. Let (X, *) be a pointed space. The action of S l up to 
homotopy on QG when G = QX given by Proposition [73 is homotopic 
to the action of S 1 on map ((E 2 , S 1 ), (X, *)) given by rotating the disk 
E 2 . 

Proof. The map i x S 1 — >■ E 2 sending (t, x) G K x C to the barycenter 
of x with weight t and of 1 with weight 1 — t, gives the canonical 
homeomorphism 

6 : map ((E 2 , S 1 ), (X, *)) 4 QQX 

defined by: for / G map ((E 2 , S 1 ), (X, *)), 9(f) is the map sending 
x G S l C C to the loop t G i ^ f{tx + 1 - 1). 

Since j is a monomorphism in the homotopy category, to see that 
6 commutes with the S^-action up to homotopy, it suffices to see that 
the two maps j o action o (S 1 x 9) and j o 9 o action are homotopic. 
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{e ls ,f,x,t) ^ 



X,t) !-)■ 



The adjoint of j o 9 o action is the map 

S 1 x map ((E\ S 1 ), (X, *)) x S 1 x / -> X 

(e is } f, x, t) ^ f(e is tx + (1 - t)e is ). 
By definition of r, the adjoint of j o action o (S* 1 x 9) is the map 

S 1 x map ((E 2 , S 1 ), (X, *)) x S 1 x / -> X 

'/ ((1 - 2t)e iS + 2t) if t < |, 

/ ((2t - l)e is x + 2 - 2t) ift>±. 
The maps of pairs of spaces 

(S 1 x S 1 x /, S 1 x S 1 x {0, 1}) ->• (£ 2 , S 1 ) 
(e is ,:r,t) -> e 4S te + (1 - t)e is 

and 

' [l - 2t)e is + It if t < |, 

(2t - l)e is x + 2 - 2t ift>|. 

are homotopic: to construct the homotopy, fill the triangle of vertices 
e ts , e ls x and 1. Therefore j o action o (S* 1 x 9) and j o 9 o action are 
homotopic. □ 

Proposition 14. Lei G be a topological monoid which is also a H- 
group. Then the algebra H^^QG) equipped with the H^S 1 ) -module 
structure given by Proposition UJM) is a Batalin-Vilkovisky algebra iso- 
morphic to the Batalin-Vilkovisky algebra H*(Q 2 BG) given by [8]. 

Proof. Consider the classifying space of G, BG. There exists a ho- 
momorphism of if-spaces h : G ^ VlBG which is a weak homo- 
topy equivalence since vr (G) is a group. By Propositions [TT1 and [T3| 
Qh : HG Q 2 BG is a morphism of S^-spaces up to homotopy. There- 
fore, H*(Qh) is both an isomorphism of graded algebras and of H*(S 1 )- 
modules. Since H*(Q 2 BG) is a Batalin-Vilkovisky algebra [8J, H^IQG) 
is also a Batalin-Vilkovisky algebra. □ 

4. The Batalin-Vilkovisky algebra H*(Q 2 BG) ®W*(M) 

This section is the heart of the paper. We show (Theorem H5|) that 
the tensor product of algebras H*(QG) ® H*(M) equipped with an 
operator B^qxm is a Batalin-Vilkovisky algebra related to the Batalin- 
Vilkovisky algebra H* (LM) of Chas and Sullivan. Extending a result of 
Hepworth (Corollary |20{) . we give an explicit formula for this operator 
Bqgxm- We deduce then the morphism of Batalin-Vilkovisky algebra 
from H*(nG) to M*(LM) (Corollary [23]). 

Let us start by giving a short proof of the Felix and Thomas theorem. 
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Proof of Theorem Ui Since e.m = m for m G M, the map Qg,m '■ 
QG x M — > LM is a morphism of fiberwise monoids from the projection 
map Pm '■ QG x M -» M to the evaluation map ev : LM -» M. 
Therefore by [9] part 2) of Theorem 8.2], the composite 

H*(e G)M ) : tf*(QG) ® H*(M) H, +d (QG x M) ->■ H*(LM) 

is a morphism of graded algebras. □ 

Theorem 15. Let G be a topological monoid with a homotopy in- 
verse, acting on a smooth compact oriented manifold M. Assume that 
H^^QG) is torsion free. Consider the operator BqqxM given by the ac- 
tion of H^(S 1 ) on H*(QG) ®H*(M) given by PropositionlWi ii). Then 
the tensor product of algebras H*{VLG) ® H*(M) equipped with Bqgxm 
is a Batalin-Vilkovisky algebra such that 

F*(e G)M ) : #*(OG) ® H*(M) -> H*(LM) 

zs a morphim of Batalin- Vilkovisky algebras. 

Remark 16. Suppose that G = M is a Lie group. Then, with Corol- 
lary [21 since 0g,g is an S" -equivariant homeomorphism, Theorem [15] 
is obvious. 

Proof. Since H^IQG) is assumed to be torsion free, the Kunneth mor- 
phism is an isomorphism. Therefore the algebra H^IQG) ® i t (LM) 
can be identified with the algebra H* +d (QG x LM). For w G f2G and 
/ G LM, denote by w * I the free loop on M defined by w * /(i) = 
w(t).l(t), for t G S 1 . Let $ G)M : f2G x LM -)flGx LM be the map 
sending (w, I) to (w, w*l). Since G has an homotopy inverse, is a 

homotopy equivalence. Since <&g,m is a morphism of fiberwise monoids, 
by [U part 2) of Theorem 8.2], 

H,($ a>M ) : H*(QG) ® H*(LM) F*(fiG) ® i»(LM) 

is an isomorphism of algebras. 

Consider the action of S 1 on QG up to homotopy given by Proposi- 
tion [10] i) and the action of S 1 on LM given by rotation of the loops. 
Consider the induced diagonal action of S 1 on QG x LM. Explicitly, 
if G is a group, the diagonal action of s G S 1 on (w, I) G QG x LM is 
simply given by the pointed loop t !->■ + s)w(s)^ 1 and the free loop 
t H> l\t + s). 

Consider the twisted action of S 1 on QG x LM defined by s.(w, I) = 
(s.w,t i — y w(s).l(t + s)) where s.u> is the action of s G S* 1 on w G f2G 
given by Proposition [TOl i). With respect to the twisted action on the 
source and the diagonal action on the target, §>g,m is a morphism of 
^-spaces up to homotopy. 
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The algebra H*(QG) Cg> HI* (LM) equipped with the if^S^-module 
structure given by the diagonal action is the tensor product of the 
Batalin-Vilkovisky algebra (QG) given by Proposition [TD and of the 
Batalin-Vilkovisky algebra H*(LM) given by Chas and Sullivan pQ. 
Therefore by Example [BJ it is a Batalin-Vilkovisky algebra. 

Since the isomorphism H*($>G,m) is both a morphism of algebras and 
a morphism of if*(S' 1 )-modules, H*(Q,G) ®i t (LM) equipped with the 
i?*(S' 1 )-module structure given by the twisted action is also a Batalin- 
Vilkovisky algebra. 

Consider the trivial section s : M ■=->■ LM mapping x G M to the free 
loop constant on x. It is well-known that H*(s) : H*(M) — > H*(LM) is 
a morphism of algebras. The map QG x s : QG x M — > QG x LM is S 1 - 
equivariant with respect to the S^-action on QG x M given by Proposi- 
tion [10] ii) and to the twisted ^-action on QG x LM. Therefore, since 
H*(QG) ®W m (s) is injective, H*(QG) ® EL.(M) is a Batalin-Vilkovisky 
algebra and H^IQG) £g> H*(s) is a morphism of Batalin-Vilkovisky al- 
gebra. 

The composite 

QG x M U '—> s QG x LM % M QG x LM P Z J LM 

is ©g,m- Therefore H*(®g,m) is the composite of the following mor- 
phisms of Batalin-Vilkovisky algebras: 

-H"*(f2G)®H»(s) 

#„(ftG)®m(M) ^ ^(fiG)®i t (LM) 

l 4' M 'ff t (nG)®i t (LM) U i*(IM) 

Note that Ehjqg) <8> is a morphism of Batalin-Vilkovisky al- 

gebras since the augmentation £h*(qg) '■ H*(QG) -» k is a morphism 
of Batalin-Vilkovisky algebras. So finally, H*(Qg,m) is a morphism of 
Batalin-Vilkovisky algebras. □ 

Definition 17. [TQJ Let A" be a pointed space. Let a : S 1 x £7V — >■ X, 

(s,w) i — ^ u>(s), denote the evaluation map. The homology suspension 
is the morphism of degree +1, cr* : H q (QX) — > H q+ \(X) defined by 
<r*(a) = ^((t)([S 1 ] (8) a), a G H q (QX), q > 0. 

According to (TJH Lemma 7] , this homology suspension coincides with 
the usual one studied in [201 Chapter VIII] . Since this paper was written 
almost completely before the preprint of Hepworth appeared, we will 
never use in this paper this fact that regretfully, we did not notice. 
However, we felt that it was necessary to use his terminology and we 
rewrote our paper accordingly. 
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In 10. Theorem 5] , Hepworth computed the Batalin-Vilkovisky alge- 
bra on the modulo 2 free loop space homology on the special orthogonal 
group, W*(LSO(n); F 2 ). When n > 4, Lemma 7 of [10] is required in 
order to achieve this interesting computation. 

Proposition 18. Let G be a H-group. Let X be a topological space. 
Let actx :GxI->I be an action up to homotopy of G on X. Sup- 
pose that H*(QG) is torsion free. Denote by Bqg (respectively Bncxx) 
the operator given by the action of H^^S 1 ) on H*(QG) (respectively 
H*(QG x X)) given by Proposition [701 Then for any a G H*(QG), 
xeH*{X), 

B nG xx(a ®x) = (B nG a) ® x + ^(-l)l a d)l a(1) <g, (a,(a {2) ) ■ x). 
Here Aa = ^2 a (i) ® 0,(2) is the diagonal of a G H*(QG). 

Proof. By Proposition M ii), the action of H^S 1 ) on H*(QG) ® H*(X) 
is the composite 

H^S 1 ) ®H*(QG) ®H*(X) 

A H,(si)®H*(nc)® H *( x ) 
a-ct H , (nG) ®/r» (er)®.H» (X) 

H*(QG) <8> H*(G) ® H*(X) 
H*(VLG) ® H*(X) 

where A^^i^^^^ is the diagonal of H^(S 1 )®H :¥ (Q,G) and act H ^QG) '■ 
H^S 1 ) ® H*(nG) ->■ #*(OG9 is the action of ^(S 1 ) on H*(QG) given 
by Proposition [TOl i) . 
Since 

A^(5i)®if*(nc?)(['5 1 ] ® a) = 

^[S 1 ] ® a(i) <g> 1 g) a (2) + ^(-l) 1 ^ 1 ' 1 ! ® a ( i) ® [S 1 ] ® a (2) , 

Bn G xx(a ®x) = ^ (SogO(i)) (8) #*(»(1 ® a (2)) • a? 

+ ^(-l)l a d)l a(1) ® 8) o (2) ) • x. 

Let BH t (nG) '■ H*(QG) -» k be the augmentation of the Hopf algebra 
H*(p,G). Since the restriction of er to {0} x £7G is the composite f2G — > 
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{e} G, 

H*(a)(l <g> a) = e Hf{nG) (a)l. 
In a Hopf algebra, (Id® e) o A = Id. Therefore, 

^2 (^ G a (1) )(g)^(cr)(l®a( 2 ))-x = ^2 ( B nGa(i))®e m(nG) (a {2 ))x = (B nG a)®x. 
On the other hand, by Definition [T7] 

^(-l)Ki)la (1) ®^((7)([ 1 5 1 ]®a {2) )-x = ^(-l)l fl (i)l a(1) ®((T,(a (2) )-i). 

□ 

Lemma 19. Let G be a path- connected Lie group. Then H*(QG) is k- 
free and concentrated in even degree. So for any a G H*(QG), Bq G o = 
0. 

Proof. Let QqG be the path-component of the constant loop e in QG. 
Since (QG, e) is a if-group, the composite of the inclusion map and of 
the multiplication 

is an isomorphism (of algebras since H*(QG) is commutative). Let G 
be the universal cover of G. Then we have an isomorphism of algebras 
H*(ttG) H*(Q G). Since G is a simply-connected Lie group, by 
a result of Bott [HI Theorem 21.7 and Remark 2], H^QG) is k-free 
and concentrated in even degree. Therefore H*(QG) = k[iTi(G)] <S> 
H*(QG) is also k-free and concentrated in even degree. Therefore B^ G : 
-»■ H, +1 (QG) is trivial. □ 

From Remark [T6| Proposition [TBI and Lemma [T9| since here (— l)l a ( 1 )l 
is equal to 1, we immediately obtain the following Corollary due to 
Hep worth. 

Corollary 20. PJjJ Theorem 1] Let G be a path- connected compact 
Lie group. Then as Batalin-Vilkovisky algebra, 

BU(LG) = H^QG) ®U*(G) 

and B(a Cg> x) = a (i) ® (c*( a (2)) • x) for a G H*(QG), x G HL.(G). 

Corollary 21. Let G be a H-group acting up to homotopy on a topo- 
logical space X. Assume that H^IQG) is torsion free. Then H*(X) 
is a trivial sub H*(S l )-module of the H^S 1 ) -module H^QG) <8> H*(X) 
given by PropositionUU ii). 

Note that the composite X = {e} x X -> ttG x X LX is 

homotopic to s : X ■=-)■ LX the trivial section mapping x G X to x the 
free loop constant on x. Through s, X is a trivial sub S^-space of LX. 
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First proof of Corollary {21\ without using Proposition [73 By definition, 
in Proposition [TBI i). the action of any t G S 1 on the constant loop 
e G Q(G, e) is e, since r : LG — > QG is a pointed map. Therefore 
by definition, in Proposition [10] ii) , the action of t G S 1 on (e,x) G 
fiG x I is t.(e,x) = (t.e,e(s).x) = (e,e.x). Therefore X = {e} x X 
is up to homotopy a trivial sub S^-space of QG x X. And in homol- 
ogy, if H*(X) is considered as a trivial if*(S' 1 )-module, the morphism 
H*(X) ->■ H*(QG) <g> H*(X), x H> 1 <8> x, is a morphism of H^S 1 )- 
modules. □ 

Second proof of Corollary using Proposition [01 Again, we observe 
that the constant loop e G flG on the neutral element is a fixed point 
under the S^-action of QG. Therefore Bqq(1) = 0. 

Let £h*(s*) '■ HxiS 1 ) -» k be the augmentation. Since the restriction 
of a to S 1 x {e} is the composite S* 1 —> {e} — > G, 

(22) <t,(1) := ^(<t)([5' 1 ] ® 1) = ^(^([S 1 ])! = 0. 

By Proposition [T8| 

5f7Gxx(l ® x) = (B QG 1) ® X + 1 g) (<7*(1) ■ x) = + 0. 

□ 

Corollary 23. Let G be a H -group acting up to homotopy on a smooth 
compact oriented manifold M. Assume that H*(QG) is torsion free. 
Then H^IQG) is a sub H*(S l ) -module of the H^(S 1 ) -module H*(p,G)<g) 
HL.(M) given by Propositionfflh ii). 

First proof. For any a G H*(QG), since cr*( a (2)) has positive degree, its 
action on the fundamental class [M] is null. Therefore XX - l)' a(1) 'o(i)® 
o-*(a (2 )) • [M] = 0. So by Proposition [HJ B nGxM (a <g> [M]) = (Bnca) ® 
[M] + 0. Therefore, we have proved 

Id® [M] : #*(^G) ->• i?*(OG) ®H*(M) 

is a morphism of if*(S' 1 )-modules. □ 

Second proof using shriek maps. The trivial fibration proj : f2GxM — > 
QG is S^-equivariant. Therefore by [21 Section 2.3 Borel Construction], 
the integration along the fiber of proj, proj\ : H^^QG) — > if*(f2G) ® 
M*(LM) is ^(S^-linear. But proj. = Id ® [M]. □ 

Theorem 24. Assume the hypothesis of Theorem\T^ Then the com- 
posite 

H*(n 2 BG) S #*(OG) H ^i M1 #*(OG) <g> 1U(M) h * ( ^ m) M # (LM) 
a morphism of Batalin- Vilkovisky algebras. 
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As pointed in the introduction of this paper, this theorem can be 
deduce using Theorem [TJ3 But we prefer to give an independent proof. 

Proof without using Theorem [731 By Proposition HU the obvious iso- 
morphism of algebras between H*(Q 2 BG) and H*(QG) is an isomor- 
phism of Batalin-Vilkovisky algebra. By Corollary [231 the inclusion of 
algebras 

Id <g> [M] : H*(£IG) ->■ H*(QG) <g> H*(M) 

is also a morphism of if*(S' 1 )-modules. By Theorem (TJ W.*(Qg,m) * s 
a morphism of algebras. By Proposition [TU1 ii). H.*(®g,m) * s a ^ so a 
morphism of if^S^-modules. □ 

From Theorem [23] and Lemma [HI we obtain: 

Corollary 25. Let G be a path- connected compact Lie group. Then the 
algebra H*(Q 2 BG) equipped with the operator B = is a sub Batalin- 
Vilkovisky algebra o/H*(LG). 

Corollary 26. Assume the hypothesis of TheoremllSi Let a G H*(QG) 
and x G HI* (M) . Then the Lie bracket of a £g> [M] and 1 <g> x in the 
Batalin-Vilkovisky algebra H*(QG) ®H*(M) zs gwen 6y 

{a ® [M], 1 ® x} = ^)(-l) |a(a)l O(i) ® (7*(a (2 )) • x. 

In particular, if a is primitive, {a <S) [M], 10 x} = (— l)' a 'l g) cr*(a) • x. 

Proo/. Since by Corollary [23] and Corollary EH H*(QG) and H*(M) are 
two sub-Batalin-Vilkovisky algebras of the Batalin-Vilkovisky algebra 
tf*(fiG)®H*(M), 
(27) 

{a® [M], 1 ® a;} = (-l) |a| 5nGxM (a <8> x) - (-l) |a| (£ nG a) ® x - a x 0. 

Therefore, by Proposition [TBI 

{a ® [M], 1 <g> x} = ^(-l) 1 "' 2 ) 1 ^!) ® cr*(a (2) ) • x. 

In particular if Aa — a <g) 1 + 1 <g) a, 

{a ® [M], 1 ®i} = a® a*(l).x + (-l) |a| l <g> cr*(a) • x. 

By equation (J22J, er*(l) = 0. Therefore {a® [M], l<g>x} = + (-l)l a ll® 
cr*(a) • x. □ 
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5. SOME COMPUTATIONS 

Using Hepworth's definition of the homology suspension a* (Defini- 
tion [17]), Lemma 11 of |13| becomes the well-known fact. 



Lemma 28. Let X be a pointed topological space. Letn > 0. Denote by 
hur x '■ 7r n (A^) — > H n (X) the Hurewicz map. We have the commutative 
diagram 

hurnx hur x 

H n (nX) ^ H n+1 (X) 

where ir n (QX) = 7T n+1 (X) is the adjunction map. 

In [131 Theorem 10] and then in [TUJ Proposition 9], this Lemma was 
used to computed the Batalin-Vilkovisky algebra HILLS' 1 ). The same 
proof shows the following Proposition. 

Proposition 29. Let M be a compact oriented manifold equipped with 
an action of the circle S 1 . Denote by x a generator of 7L. Then the 
Batalin-Vilkovisky algebra H^IQS 1 ) <8> H*(M) is the tensor product of 
graded algebras k[Z] <g) H*(M) with Bq S i xM {x 1 <8> m) = ix % ® (\S x \.rn) 
for any i G Z ; m G H*(M). 

Proof. By applying Lemma [28| to the degree i map S 1 — > S 1 , we obtain 
that <r*(af) = ilS 1 }. By applying Proposition [181 and Lemma [19| we 
conclude. □ 

The following Proposition generalises the computation of the Batalin- 
Vilkovisky algebra HILLS' 3 ) due independently to the author [13, The- 
orem 16] and to Tamanoi 



Proposition 30. Let M be a compact oriented manifold equipped with 
an action of the sphere S 3 . Then the Batalin- Vilkovisky algebra H*(QS 3 )( 
HL^M) is the tensor product of graded algebras k[w 2 ] <S> H*(M) with 
Bq S ^xm{u\ <£> m) = iuif 1 <g> ([S 3 ].m) for any i GN, m G HL^M). 

Proof. Let ad : S* 2 — )■ QS* 3 be the adjoint map and let u 2 be if*(ad)([S' 2 ]), 
the image of [S 2 ] by if* (ad). By Bott-Samelson theorem, if^fiS 13 ) is 
the polynomial algebra k[-a 2 ]. By Lemma we obtain that a^(u 2 ) = 
[S 3 ]. Therefore since u 2 is primitive, by Corollary [2B1 {u 2 ® [M], 1 £g> 
m} = 1 ® ([5 3 ].m). By Corollary Ell S ns s xAf (l <g> m) = 0. By Corol- 
lary EH B ns3xM (u 2 <g> [M]) = B QS z(u 2 ) ® [M] = 0. Using the Pois- 
son relation ([7]), {m 2 <8> [M],l ® m} = ut^ -1 (g) ([S^.m). Therefore 
B(i4 ® to) = zi^ -1 g> ([^l-rn) . □ 
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In [TO] Proposition 10], Hepworth gave a new proof for the com- 
putation of the Batalin-Vilkovisky algebra M*(LS 3 ). This proof of 
Hepworth gives also a proof of Proposition [30j 

6. A sub Lie algebra of H*(LM;Q) 

Let M be a smooth compact oriented manifold. We show that the 
rational free loop homology on M, H„(LM; Q), equipped with the loop 
bracket contains a sub Lie algebra. 

Definition 31. ([7, p. 272], pH 7.4.9], [UJ p. 235]) Let L be a graded 
Lie algebra. Let N be a left L-module. Then the direct product of 
graded k-modules N x L can be equipped with a Lie bracket defined 
by 

{(m, I), K, I')} := {l.m! - (-lf^l'.m, {I, l'}) 

for m, m' G N and /, /' G L. This graded Lie algebra is denoted N x L 
and is called the semidirect product of N and L or trivial extension of 
L by N. 

Example 32. (The Lie bracket of degree +1 on s _1 7r> 2 (G)(g)k©EI*(M)) 
Let G be a path-connected topological monoid acting on a smooth 
compact oriented manifold M. The associative algebra H*(G) acts 
on H*(M) and therefore on sH#(M) by a.sx := (— l)' a ' _1 s(a.x) for 
a G H*{G) and x G H*(M). Since G is a path-connected topological 
monoid, by [2QI X.6.3], the Hurewicz morphism hurc '■ ff*(G) — > H*(G) 
is a morphism of graded Lie algebras from the Samelson product to the 
commutator associated to the associative algebra H*(G). The trun- 
cated homotopy groups of G, 7r> 2 (G0 is a sub-Lie algebra of 7r*(G). So 
finally, the composite 

tt> 2 (G) tt*(G) h ^f' H*{G) -)• Hom(sH4M),sH*(M)) 

is a morphism of graded Lie algebras, i.e. sH*(M) is a module over 
the Lie algebra 7r>2(G). Therefore by the definition of the semidirect 
product sH*(M) >< 7r> 2 (G) (Definition EH above), sH,(M) © vr> 2 (G) is 
a graded Lie algebra. By desuspending, EI*(M) © s~ 1 7r> 2 (G) has a Lie 
bracket of degree +1. 

Explicitly the bracket on s -1 7r> 2 (G) © k © H*(M) is defined by 

• {s -1 /; 5 " 1 ^} := (here {f,g} is the Samelson bracket of 
/ and g G tt> 2 (G) © k) 

• {x, y} := for x and y G H*(M), 

• {s- x f,x} := (-^l^l^/inrG/.x. (Here hur G : vr,(G) ©k H m (G) 
is the Hurewicz morphism.) 
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Theorem 33. Let G be a path- connected topological monoid with an 
homotopy inverse acting on a smooth compact oriented manifold M . 
Assume that H*(QG) is torsion free. LetTi : s _1 7r> 2 (G)(g)k — > i»(LM) 
be the composite of the adjunction map, the Hurewicz morphism and 
of the map considered in Theorem \2^\ 



7Tr. 



for n > 1 . 

Then the k-lmear morphism s^ir^G) <g) k © H*(M) -)> i*(LM) 
mapping (s~ 1 f,x) to ri(s -1 /)+H*(s)(a;) is a morphism of Lie algebras 
between the Lie bracket from example [SB and the loop bracket of LM. 

Recall that s : M > LM denotes the trivial section. 

Proof. Recall from the proof of Proposition [TH that there exists a ho- 
momorphism of if -spaces h : G VlBG which is also a weak equiv- 
alence and that H*{VLh) : H*{VLG) —)■ H*({l 2 BG) is an isomorphism 
of Batalin-Vilkovisky algebras. Since h : G VlBG is a homomor- 
phism of if -spaces between two path-connected homotopy associative 
if-spaces, 7r*(/t) : 7T*(G) 7r*(flB(jr) is a morphism of graded Lie al- 
gebras with respect to the Samelson brackets on G and on QBG. For 
n > 1, consider the commutative diagram of graded k- modules 

~ huTf-,2 

vr n+1 ((lBG) ® k Tr n (Q 2 BGf) ® k H n (Q 2 BG) 



7r n+ i(h)(g)k 



7r n (f2h.)<g>k 



H n (Qh) 



Tr n+ i(G) ® k — 7r n (QG) <g> k tor " G > if n (ftG) 

By [21 Remark 1.2 p. 214-5], the top line is a morphim of Lie algebras 
between the Samelson bracket and the Browder bracket. Therefore, 
the bottom line is also a morphism of Lie algebras. By Theorem |2U 
the composite 

Hn{QG) H f HniS iG) ® Ho(M) H n (LM) 

is a morphism of Lie algebras. Therefore, by composition, 

f i : s _1 7T n+ i(G) g> k H n (LM) 

is a morphism of Lie algebras between the Samelson bracket of G and 
the loop bracket of LM. 

The commutative graded algebra H#(M) equipped with the trivial 
operator B can be considered as a Batalin-Vilkovisky algebra. Since 
the trivial section s : M <^-> LM is S^-equivariant with respect to the 
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trivial action on M, H*(s) : H*(M) c — )• i t (LM) is an inclusion of 
Batalin-Vilkovisky algebras and so an inclusion of Lie algebras. 

Denote by / G 7i n (QG), the adjoint of / G 7r„ + i((7). By Lemma 1281 
cr* o hurncf = hur G f. Since n > 1, a := hur^cf is primitive and so 
by Corollary [2^1 {hur^af ® [M], 1 <8> x} = (— l) n l <8> hur G f.x. Since by 
Theorem dSl H*(Q G , M ) : H*(QG) ® H*(M) ->• H*(LM) is a morphism 
of Lie algebras, finally we have 

{f 1 (/),e,( S )(x)} = (-l) n M*(s)(hur G f.x). 

□ 

Theorem 34. If k is a field of characteristic and G is aut\M , the 
monoid of self- equivalences homotopic to the identity, the morphism of 
Lie algebras considered in Theorem El is injective. 

Proof. Felix and Thomas [HI Theorem 2] showed that for n > 1, F± : 
7i n+ i(autiM) ®k4 H n (LM) is injective. Since s is a section, H*(s) = 
H#(M) H,(LM) is also injective. Our morphism of Lie algebras 
coincides with Ft in positive degree and with H*(s) in non-positive 
degree. Therefore, we have proved the theorem. □ 

Here is a example due to Yves Felix showing that the Lie algebras 
considered in Theorem [3H are not abelian even for a very simple man- 
ifold M. 

Example 35. Let M be the product of spheres S 3 x S 7 . The minimal 
Sullivan model of M is (A(x 3 , y 7 ), 0) with x 3 in (upper) degree 3 and y 7 
in (upper) degree 7. Consider Der A(x 3 , y 7 ) the Lie algebra of derivation 
of A(x 3 ,y 7 ) decreasing the degree. Let 6\, 9 2 and 6 3 G Der A(x 3 ,y 7 ) 
given by 6 1 (x 3 ) = 1, 9 x {y 7 ) = 0, 6 2 {x 3 ) = 0, 6 2 {y 7 ) = 1, 6 3 (x 3 ) = 
and 6 3 (y 7 ) = 24. These three derivations form a basis of the graded 
vector space Der A(x 3 , y 7 ). As graded Lie algebras, 7i> 2 (aut\M) ® Q is 
isomorphic to Der A(x 3 , y 7 ). Since 6 2 = Q\ °Qj> = {9i, 3 }, the Samelson 
bracket in Tr> 2 (autiM) <S> Q is non trivial. 

7. The Batalin-Vilkovisky algebra H*(LG;Q) 

Theorem 36. Lei G be a path- connected topological monoid with a 
homotopy inverse acting on a smooth compact oriented manifold M. 
Then the Batalin-Vilkovisky algebra H*(QG; Q) ®HL.(M; Q) is the ten- 
sor product Q[tti(G)] (g) A(s" 1 7r> 2 (G') <g>Q) ®H*(M; Q) o/i/ie #nny? hn# 
on 7Ti(G) ; 0/ the free commutative graded algebra on tt>i(QG) <8> Q — 
s _1 7T>2(G ? ) <8)Q and o/HI*(M; Q) equipped with the intersection product. 
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For any f G 7n(G), fi,~,f r € k> 2 (G) (g) Q, r > and x e H*(M; Q), 

(37) BaaxMifs^fi . . . s^/r ® a;) = B^fs^h . . . a" 1 /,) <g> x 
+ (_i)l/il+-+IM-H-(/ s - 1 / 1 . . . s- 1 /, g) /■ x+ 

r 

^(_l)(l/,l + i)(l/ i+1 |+-+IM+-m) /s -i /i . . . s -if._ lS -if. +1 . . . s-if^hurfrx). 
i=i 

Proo/. The isomorphism of algebras H,(QG) QMG)] ® #*(fiG) 
given in the proof of Lemma [19] is in fact an isomorphism of Hopf 
algebras. Therefore / is a group-like element of H#(QG). So by Corol- 
lary [2S {/ g) [M], 1 ® x} = / ® /mr G / • x. 

By Milnor-Moore [U Theorem 21.5] and Cartan-Serre theorems, the 
Hurewicz morphism n^QG <g> Q = 7r>if2G ® Q -)■ H*(QG; Q) extends 

to an isomorphism of Hopf algebras A(7r>ifiCr ® Q) ^ ff*(f2G;Q). 
Denote by e Tr^-i^G) (8> Q the adjoint of /■ G 7T|/.|(G) <g> Q. 

As we already saw in Theorem [32] by Corollary [2H] and Lemma [2HJ 
® [M],l (g> x} = (— l)' s ^'l <8> hur G fi ■ x. Using the graded 
commutativity of the product and the graded antisymmetry of the Lie 
bracket of degree +1, the Poisson relation (JTj) can be rewritten as 

{bc,a} = b{c,a} + (-l) mcl c{b,a} 

in any Gerstenhaber algebra. Note that the sign in this formula is given 
exactly by the Koszul rule. Therefore by immediate induction, 

{/s -1 /i . . . s _1 /r®[M], l®x} = {/®[M].s _1 /i®[M] . . . s _1 /r®[M], l®x} 
= . . . s- l f r <g> [M].{f <g> [M], 1 <g> x} 



+^(-l)l-- 1 MI-- 1 /m..-- 1 /r| /a -i /l s -i f ._ lS -if. +1 . . . s -i/ p ®[J^].{ a -i/ 4 ®[M], l®x} 
«=i 

= • • • s~Vr ® hur G f.x 

r 

+^(-l)l»- 1 /*ll»- 1 /H-i--- 1 /r|+|-- 1 /il /s -i /l . . . s -i/._ lS -i/ i+1 . . . s - 1 f r ®hur G f i .x 



i=l 



Let a = /s'Vi . . . s _1 /r G H*{flG). By equation (T2j 

5ncxAf(a ® x) = 5 nG (a) <g> x + (-l) |a| {a <g> [M], 1 ® x} 

Therefore the theorem is proved. □ 

In the proof of Theorem [36], we have only used that the algebra 
Hz(QG;Q) is generated by its spherical elements (i.e. elements in the 
image of the Hurewicz map). Therefore the formula (|37|) holds over any 
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principal ideal domain k where if* (QG; k) is generated by its spheri- 
cal elements. This is also the case for example if G is the circle S 1 
or the three-dimensional sphere S 3 . This explains why formula (l37j) 
generalizes Propositions [29] and [301 

Theoreml36ltells us in particular that if we know the Batalin-Vilkovisky 
algebra H*(QG; Q) and the action of the spherical elements of H*{G) on 
HI*(M), we can compute the Batalin-Vilkovisky algebra H#(QG;Q) (g> 
H*(M;Q). In [6], Theorem 4.4], Gerald Gaudens and the author com- 
puted the Batalin-Vilkovisky algebra H*(ttG;Q) = H,(£l 2 BG;Q) as- 
suming that G is simply-connected. As we have already seen in Lemma [T91 
the Batalin-Vilkovisky algebra H^^QG) is also known when G is a path- 
connected Lie group. Therefore, we have: 

Corollary 38. Let G be a path- connected Lie group acting on a smooth 
compact oriented manifold M. Then the Batalin-Vilkovisky algebra 
#*(fiG;Q)<g>e*(M;Q) is the tensor product Q[k 1 (G)]<S>A(s~ 1 'k> 3 (G)<S> 
Q) <g> HL„(M; Q) of the group ring on tti(G), of the symmetric algebra 
on s~ 1 tt>3(G) and o/ H* (M ; Q) equipped with the intersection product. 
For any f G tti(G), fi,..,f r G 7T> 3 (G) ® Q, r > and x G H*(M; Q), 

BncxAiifs^fi ■ ■ ■ s -1 / r g> x) = /s -1 /i • • • s -1 /r ® ^ /• a? 

r 

+ 2j / s_1 /i • • • s -1 /i-i s-1 /i+i • • • s_1 /r ® • 

i=l 

Note that there are no signs in this Corollary. 

Proof. The rational homotopy groups tt*(G) <S) Q are concentrated in 
odd degrees. Therefore s~ l fi are all in even degree and the Corollary 
follows from Theorem [361 □ 

Theorem 39. Let G be a path- connected compact Lie group. Let x\, 
. . . , x\ be a basis of the free part of tti(G). Let xi + \, . . . , x r be a basis 
of the Q-vector space tt>s(G)^)Q. Denote by (x^)i<i< r the dual basis in 
(7r*((j) <8> Q) v . Then the Batalin-Vilkovisky algebra H*(LG;Q) is iso- 
morphic to the tensor product Q[7ri(G)]<g>A(s~ 1 Xj)i < j< r ®A(xy)i<i< r of 
the group ring on 7r 1 (G), the polynomial algebra on s _1 X/ + i ; . . . , s _1 x r 
and the exterior algebra Jf. For m, . . . ,ni G Z and n i+1; 

. . . , n r > 0, p > and 1 < ji < • • • < j p < r and u any element of 
7Ti((j) mtt torsion, 

5K 1 . . . zjV" 1 ^ 1 . . . s" 1 ^ ® xV . . . zV) 
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V 

T / 4 \ L ) "ji x l • • • x l i/ 5 ...5 X r ©Aj-j . . . Xj. . 

i=l,ji>l 

Here ' " denotes omission. 



When G = SO(n), n > 3, the special orthogonal group, the Batalin- 
Vilkovisky algebra HL s (LS'0(n); Q) has been first computed by Hep- 
worth [TOj Theorem 4] . but his formula uses a different presentation of 
the algebra H*(QSO(n); Q) by generators and relations. 

Proof. As we already explained in Remark [T6], 

H*(e G)G ) : H^QG) ® H*(G) 4 W*(LG) 

is an isomorphism of Batalin-Vilkovisky algebras. By Milnor-Moore 
theorem, as Hopf algebras, H*{G) is the exterior algebra A(xj)i<j< r 
where primitive elements of odd degree. Therefore H*(G) is the 

exterior algebra A(x^)i<i< r . 

By Poincare duality, the cap product with the fundamental class [G] 

gives an isomorphism of graded algebras — D [G] : H*(G) M*(G) 
between the cup product and the intersection product. (Note that 
this isomorphism respects degrees since a non-negative upper degree 
corresponds to a non-positive lower degree by the classical convention 
of [2 p. 41-2]). 

The fundamental class of G, [G], is the product X\ . . . x r . Let z'x,. . . ,i p 
be p integers between 1 and r. Let 1 < k < p. The cap product of x^ 
with x h . . . x ip is (-l) k ~ 1 x^ k (x ik )x il . . . xT k ■ ■ ■ x ip since (-l) fc ~ 1 is the 
Koszul sign obtained by exchanging Xi k and x^ . . ■ Xi k _ 1 . Therefore 

x i k ^ x h • • • x ip = (~ -Q x h • • • x ik • • • X ip- 

In particular, 

x] p n Xl . . .X r = 

nr^ C~\ rp rp , rp ( 1 \jp—l 1 rp 1 j' ■ V ■ nf 

jp-l 1 * * * Jp ' ' ' r V x / • • ' ^Jp-i^Jp • • • ^ri 



Qjlld 0Cj_^ \ 1 Qu ^ ... 3j ^2 ... *^jp ' * * *^ f \ ^ / 1 • • • *^ j~y ... OCj^ ... 3j<p* 

Therefore 



X 3i 



Xj p nxi 



iV'i-i- 



xVn(xVn...(a;V 'nxi...x r )) 



a^T . . . X 



. x„ 
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Using the Poincare duality isomorphism, we can now transport the 
action of H*(G) on M.^(G) given by multiplication into an action of 
H,(G) on H*(G). Since 

X ji ' {^jl ' ' ' X jp ^ [^1 J ~~ ( — l) 31 "' P x ji X l ■ • ■ %ji ■ ■ • %jp ■ ■ ■ x r 

— ( —1 Yji-^-i + t ( y'l — H ^ip- l rf. rf. rr . /f. XT- rp 

— \ i-j { L ) xi . . . x JX . . . ^J i _ 1 ^J i ^J i+1 ■ ■ ■ ^Jp ■ ■ ■ u, r 

= (-i) i - 1 xl...^ i ...xln[G], 

we obtain that 

(40) x r ■ xl . . . x) = (-lY^xl ...xj....x) 

V 1 J* Jl Jp V ' Jl Ji Op 

and xj ■ x w h . . . x) p = if j £ . . . , j p }. 

Let / be any element of vr 1 (G). Then written multiplicatively, / is of 
the form x™ 1 . . .x™ l y for some n lv . . , 72/ G Z and some element y of 
tti(G) with torsion. Then hur G : m(G) ->■ tti(G) <g> Q = #i(G;Q) 
maps / to ni^i + • • ■ + + while hurc '■ n> 3 (G) <g> Q — > Q) 
maps Xj to itself for any I < j < r. 

Therefore, by CorollaryEHl Q)®M*(G; Q) is the tensor prod- 

uct of algebras Q[tti(G)] <g> A(s~ 1 7r> 3 (G') ® Q) ® Q) and 

Bn G , G (fs-XlT ■ ■ ■ s~ l x7 <g,xl... x] p ) 

= /s -1 ^ 1 • • • s ~ lx " r ® (^1^1 + ■ ■ • + • ^ • • • 

r 

-I- n fQ" 1 /^ 1 s^t™^ 1 Q~ 1 -r rlr (2) t ■ ■ -r V t V 

~ /£j J o ^ ' ' ' " j ... a X'^-, X' j Ji * * ' jp' 

j=l+l 

Using fj40|) . the theorem is proved. □ 

In [T3J Theorems 10 and 12], we computed the Batalin-Vilkovisky 
algebra HL^LS 12 ^ 1 ) for all odd dimensional spheres. Using this com- 
putation, the previous Theorem can be given the following simple in- 
terpretation. 

Theorem 41. Let G be a path- connected compact Lie group. Then the 
Chas-Sullivan Batalin-Vilkovisky algebra on the rational free loop space 
homology on G, H*(IG; Q) is isomorphic to the tensor product (in the 
sense of Example Ej] 

+oo 

Qbn(G)tor] <g> (g)U*(LS 2k+1 ;Qf dm7r2k+l{G)m . 

k=0 

Here Q[vr 1 (G) tor .] denotes the Batalin-Vilkovisky algebra with trivial op- 
erator whose underlying algebra is the group ring on the torsion sub- 
group ofui(G). 



22 LUC MENICHI 

Note that this theorem extends the case of G = SU(n + l) the special 
unitary group first proved by Tamanoi in [T5j Corollary C] using a 
different method. 

Proof. Recall from [13, Theorem 10] that M^LS 1 ) = Q[Z] ® Ax v with 

5(x n ®x v ) = n(x n ® 1), B(x n ®l) = 

for all n G Z. Here a; denotes a generator of 7Ti(S' 1 ) = Z. Recall 
from [13, Theorem 16] that for i > 1, e*(L5' 2i+1 ) = A^x) ® Ax v , 
with B(s~ 1 x n ® x v ) = nO^x"- 1 ® 1) and B(s~ 1 x n <8> 1) = for all 
n > 0. Here x denote a generator of lower degree 2i + 1. 

Let Xj's be the generators defined by Theorem [39j Let be the 
isomorphim of algebras from 

+oo 

lU(L5 ,1 ;Q)® dim " l{G)$5Q ®Q[7r 1 (G) tor ]®(g)e,(L^ 2fe+1 ;Q)® dim ™( G )^ 

fc=i 

to 

Q[tti(G)] ® A(s- 1 x j )«< i <r ® A(x J v )i< i < r 

mapping 

• for 1 < i < I, the elements x"' ® 1 (respectively x™* £g> x^ 7 ) in the z ih 
factor of BILLS' 1 ; Q)® dim ti(G)®Q to x™ 1 ®1®1 (respectively x" l ®l®x 4 v ), 

• for each y G 7r 1 (G) tor , the element y to y ® 1 ® 1 and 

•for I < i <r, the elements s _1 x™* £g> 1 (respectively s -1 a;"' £g> x^ 7 ) in 
the (i-l) th factor of (g)^ H,(LS 2fc+1 ; Q)® dim -2 fc+ i(G)®Q to i^-i^^i 
(respectively 1 ® s _1 x™^ ® x/). 

Explicitly is the linear isomorphism mapping the element 

(x™ 1 ® 1) ® • • • ® (x" Jl ® xjj ® • • • ® (x™ ; ® 1) ® 3/ 

® (s -1 ^ 1 ® i) ® • • • ® ( s_la; ™ P jp ® ® • • • ® (s _i < r ® i) 

to x™ 1 . . . xf'y ® s -1 x"{Y . . . s -1 x^ ® xV . . . x) . 

In the tensor product of Batalin-Vilkovisky algebras 

U^LS 1 ; Q)® dim 7ri(G) ® Q ®Q[7Ti(G) tor ]®(g) H,(LS 2i+1 ; Q)® dim T»fi(G)®Q 

i=l 

the operator B is given by 

^(xi 1 ® 1 ® ■ • • ® xj 1 ® x y h ® ■ ■ • ® x" ; ® 1 ® y 

® s -1 ^ 1 ® 1 ® • • • ® s _1 x" Jp ® x v ® • • • ® s _1 x^ ® 1) 
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P 

® s _1 x"{y <8> 1 <8> • • • <8> g> xV <8> • • • g> s -1 x^ g> 1 

p 

+ (-l)* -1 ^ 1 (8) 1 <8> • • • <g> x" Jl g> x y h ® ■ ■ ■ <8> xl l ® 1 ® y 

i=l,ji>l 

p 

p 

+ (-l)^ 1 ^ 1 (8) 1 <g> • ■ • ® a;™ J1 ® xV ® . . . ® a;™' ® 1 ® y 

i=l,ji>i 

(gis -1 ^ 1 ®!®- ■ ^(n^s - ^* -1 ®!)®- ■ •®s -1 x^ , '®xV <8>- ■ -tgis" 1 ^®! 
Therefore 

6 o B o e- 1 ^ 1 . . . x?y <g> s" 1 ^ 1 . . . s" 1 ^ <g> a:V . . . xj p ) 
is given by Theorem [2SJ □ 

8. SEMI-DIRECT PRODUCT UP TO HOMOTOPY 

This section on split fibrations is needed in Section [3J A split short 
exact sequences of groups gives a semi-direct product. The following 
Proposition, which is certainly not new, is a homotopy version of this 
fact. 

j p 

Proposition 42. Let F <^-> E -» B be a fibration with an homotopy 
section a: B^-E,poa~ zcIe, such that j , p and a are morphims 
of H -groups. Then j admits a retract r : E — >■ F up to homotopy such 
that 

• the composite r o a is homotopically trivial and 

• the composite F x B 3 ^ E x E E and (r,p) : E — > F x B are 
homotopy inverse. 

Proof. Let Z be any pointed space. Applying the pointed homotopy 
class functor [Z, —], the Nomura-Puppe long exact sequence gives the 
short exact sequence of groups with the splitting [Z, a] , 

\ZA\ \Z,p] 

1 -> [Z, F] [ 4 J [Z, E] 4T [Z, B] -> 1. 
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Therefore the group [Z, F] is isomorphic to the semi-direct product of 
groups [Z,F] x [Z,B\. More precisely: 

The map F — >■ F sending e h-> e • er o p(e) -1 induces the map 

[Z, /ig o ira; otrop)] : [Z, E] — )• [Z, F]. 

Let F : [Z, F] — >■ [Z, F] be the unique map such that the composite 
[Z,j] o R coincides with [Z,/ie ° (id,E,inv o a o p)]. The map F is a 
retract of [Z, j]. 

The bijection [Z, F] x [Z, 5] = [Z,FxB] — >■ [Z, F] is given by o 
([Z,j] x [Z,(t]) = [Z,/^ o (j x a)}. Its inverse [Z, E\ ->• [Z, F] x [Z, 5] 
is the map (/?, [Z,p]). By Yoneda lemma, the natural transformation 
i? : [Z, E] [Z, F] can be uniquely written as a [Z, r] where r is a 
pointed map from E to F. By Yoneda Lemma again, the composite 

F x B 3 ™ E x E ^1 F and (r, p) : F ->■ F x F are homotopy inverse, 
r o j w /dp and r o cr is homotopically trivial. □ 
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